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Theorem 1 (Rejewski’s Theorem). The product of two proper involutions on the same ele-
ments can be expressed as a product of pairs of cycles of the same length.

Theorem 2. A permutation can be expressed as the product of two involutions without fixed
points iff every cycle length occurs an even number of times.

Lemma 1. Given involutions X and Y such that they don’t contain identical transpositions,
we can decompose
X =X1X5... Xy, Y =V1Y;...Y;

such that
Xi = (ainai2)(aizaia) ... (ai2m;—10i2m,;)

and
Y = (ai20i3)(aiaa;5) . .. (@i2m,;ai1)-
Proof. We provide the following algorithm to find this decomposition.
e Choose an arbitrary transposition in X and name it (ag, az).

e Find the transposition in Y with ay and name it (ag,as). Notice, as # aj as the
products don’t contain identical transpositions.

e Find the transposition in X with a3 and name it (a3, a4). And so on.

e After m; iterations, if we find (ag,,a1) in Y, we name

X1 = (alag)(a3a4) Ce (a2m1_1a2m1)

and
Y1 = (aga3)(aqas) . .. (agm, a1).

e Repeat the process with X\ X; and Y'\Y;.

Notice, that X\ X; and Y'\Y; are still involutions on the same set of elements as we only
got rid of the same ay, ..., asny, elements from both of them.

The algorithm terminates as every iteration of the loop reduces the number of elements
in the involutions.

Correctness is obvious and follows immediately. O



Lemma 2. For two given involutions X and Y defined on a set S, such that |S| = 2n,

X = (a1a2)(azay) . .. (a2n—102,)

and
Y = (agag)(a4a5) N (agnal),

the product of X and 'Y will consist of two disjoint cycles of equal length n, that is given by

XY = (a1a3 e agn,l)(agn e CL4CL2).

Proof.

It can be seen from the above figure that product of X and Y will form two disjoint cycles
of length n, such that
XY = (a1a3 N agn,l)(agn e a4a2).

O]

Proof of Rejewski’s Theorem. Let X and Y be two proper involutions defined on the set S,
that is,
X:5—>S8

is a permutation such that X(X(a)) = a for all a € S, and
Y:5§=5

is a permutation such that Y (Y (b)) = b for all b € S, both not having any fixed points and
|S| = 2n.

Let us ignore the identical transpositions between X and Y to form X’ and Y”.

Using Lemma 1, we can decompose X’ and Y into X/’s and Y}’s such that

X! = (ara2)(asay) . .. (agk_1a9k)

and
}/Z./ = (a2a3)(a4a5) PN (anal)’

where a; € S for all i € {1,2,...,2k} and k < n.



Using Lemma 2, XY can be written as product of two cycles of length k, say C;C;] where
cil = ¢
Thus,
XY = (X)X} .. X)) (YY) .Y

= (X1Y))(X5Y3) . (X7, Yo)

= C1C1CoCY ... CpCL.
Finally, notice that

(zy)(yz) = (2)(y)-

Thus, product of identical transposition produces 2 singleton cycles of the elements of the

transposition.
Thus, product of two proper involutions on the same elements can be expressed as a
product of pairs of cycles of the same length. O

Proof of the generalized theorem. ( =) Same as Rejewski’s Theorem.
(<) Given
P =(C1010:C5 ... CuCl

such that
|Cil = |l
We can find involutions X, Y that product up to P as follows:
o If
Cy = (a1a2 ... a)
and

C! = (byba...by),

add to X the transpositions (a;b;) and to Y the transpositions (b;a;+1) along with
(bkal).

e Repeat.

This terminates as m is finite.
The correctness is implied by Lemma 2. O

References

[1] Rejewski, M. (1980). An Application of the Theory of Permutations in Breaking the
Enigma Cipher.



